
 

Algebraiccyies
Wefirstfix some notation k is a field possiblynotalgclosed and Smproju denotes thecategory
of smooth projective varieties over k A variety here istaken to be a separated reduced scheme

offinitetype In particular we do not assume irreducible

So now let X be in Smproju Thegroupofcycles L X is the free abelian group generatedby
irreducible subvarieties ofX Analgebraiccycle is then a formalsum of such irreducible subvarieties
and if each summand has the same codimension i we say the cycle hascodimension i The
subgroup of all such cycles is denoted 2 x Clearly we have

2 x OtiZi X

1 Z X is thegroupof divisors Div x
2 Zdim x are finite formal sums of points We can assign a degree to a pointpex
by help k degCpi which gives a 21 linear function 2dimCx Z by
nap Inadegepd If k hi then degCpa L seeProp1.21 in 3264 AllThat

3 If XCX is a subscheme we can define an effective cycle in Zan DenotebyY Ys
the irreducible components ofY and lie lengthbyyi Then LY Eli Yi is what we want

Some things you cando

Products 2LX x 2 y 2 Xxx by WW VxW I donotthink this is injectiveor
surjective almostever

Pushforward If f X Y is a proper morphism of k varieties and 2ex isan irreducible

subvariety set deg 2 Itcz to be Nz kCfcz if dimZ dimfcz and 0 otherwise
Then the assignment f Z deg Z1fczDfCz extends linearlyto a homomorphism f 2 x 2 y
which is degree zero war1 the grading

Intersection If two subvarieties VandW in X intersect transversally along 2 then we can assignthem
an intersection multiplicity

c vw z C15lengthomwz Tor Ouz OwzD
Thenthe intersectionproduct is Vow I iv w ZdZ where 7 are the subvarietiesmakingup
VAW Note the higher Tor's are zero in the CohenMacaulay case so the otherterns
are correctionterms

Pullback Letf X Ybe a morphism in Smprojnand let 2CYbe a subvariety Thegraph Tfof
f is a subvariety of XxY If it meets XxZ transversally we set f z p Pf xxz If
f is flat then f4Z f Z and this definition can beextended linearlyto cycles

Correspondences A correspondence from XtoY is a cycle in xxx Given a correspondence A itacts
on cycles in X via

A T Py A Txy c zitt d y
where Tezilx Ae xxx DdimX Note t d is called the degree ofA



Notall ofthese are always defined especially if the cycles representsingular varieties The idea is
then to coarsen 2 x by some equivalence relation so thatbychoosing representatives the above are
always defined on equivalence classes

DetAnequivalence relation on 2 X is called adequate if when restricted to Smproju it satisfies
17compatible withthe grading and addition
2 if 2 no aux then Zxyno in ZCxxY forall Y
3 if Z o and Z Zz is defined then 2 Zz O
4 if 2no on Xxx then p Z O ouX
5 given ZW wscZCH there is Z'nZ such that Z Wi is defined for each i

Having such an equivalence relation we set C x ZH Z x where Zulx consists

of cycles equivalent to zero These are of course chosen so thatthefollowing lemma holds

Lemmy For an adequate equivalencerelation XeSmproju
1 GLX is a ring under intersection
2 for any f X Y in Smproju the maps f afarinduce homomorphisms f Cu GCN
and f Crecy c Cx the latter a morphism ofgradedrings3 a correspondence of degree r induces A c x cited y and equivalent
correspondences induce the same A

Wewill now discuss various important equivalence relations

Rationalequivalencethis
is a generalization of the classical linear equivalence of divisors Let YcX be an

irreducible subvariety of codimension i l For a function feKCYY then divf is a cycle
ofcodimension i and we say by definition Zirat X is generated bysuch cycles
Explicitly a codimension i cycle 2 renato iff there is a finite collection of pains YafD
such that 2 2diuCfa

An equivalent but perhaps more geometric definition is as follows Two cycles VuandV are
said to be rationally equivalent if there is a cycle W ou P'xx not contained in any
fiber t3xX such that wn to xx Wn E43xx Ao Ai Pictorally

iii Hittite Hittite c awii.at
group for any variety if we restrict to Supriya
it becomes an adequate equivalence relation

Notemayonlymake sense in 1 If Xesmprojn then CHCH is a commutativegradedring
theorem

Smproju under intersection product
2 if f X Y is a morphism in Smprojk then f is a

graded ring homomorphism and f a graded grouphomomorphism of degree dimY dimX
3 if xYesmproju then Zecorrenat xx induces a group homomorphism of degree e
4 if i y is a closed embeddingand j y u then we have an exact sequence

CHILY CH x CHOW so
5 The projection p xx x induces an isomorphism p CHicx CHicxxi.AT



Fulton actually proves this without property 5 I guess he doesn't thinkits right His construction
ofthe intersection product is actually slightly better

AlgebraicEquivalencesupposing

that X is smooth projective we can replace P by any smooth irreducible curve C
in the second definition of rational equivalence Doing so we arrive at algebraic equivalence

As an example of how this is coarser note any rationally equivalent cycles are
algebraically equivalent by taking C P For the converse if E is an elliptic curve
and ab are distinctpoints then Z a b Xrato as g L However taking C E
and W Be ExE we see that 2 alyO

SmashNilpotentequivalence
Again XeSmproju For a varietyXand a cycle Z ou X we set X Xx xx and
zn Zx xZ

IDefy 2 0 if and only if Z rat0 on X for some positive integer n

PropiSmash Nilpotent equivalence is an adequate equivalence relation In particular
2 x Ze2471 2 O is a subgroup of Ziad
Theproof of this follows from the fact that rationalequivalence is adequate
An important comparison result is the following

IThmwoisiu Voeve.dk Ziaeg x Z x

We might prove this later

Homologicalequivalence

Here let F be a field of characteristic zero and Grvecte be the categoryof
graded fd vectorspaces over F
Def A Weil cohomology theory is a functor H SmprojnoP GrVectra which satisfies
1 There is a graded supercommutative cup product re HixxHlx Hex
2 Poincare duality trace iso Tr 112dam 7 F andperfectpaining HixHedi Had5 F
3 Kiinneth formula holds Hix HIM HlxxY is a graded isomorphism
4 Cyclemaps ch CHi x H2icx which satisfy

f ody dof and f och dyof for f X y in Smproju
am www www.up.d.ae
Trodp deg for points p As notation write A X Im Ix Haug x
Weak Lefschetz if HisX is a smooth hyperplane section then Him HitH
is an isomorphism if i dI and injective if i d l and
HardLefschetz Lcm _xuU CH induces isomorphisms Ldi Hd X Is Hdti x
for osied



Some examples are of course
1 If church o kce

Betti cohomology H X Hosing x
deRheem HodelXan e
algebraic deRham HIR X IH Xzar D

2 E'tale cohomology Recall
He Xe Ze dimHoot Xi 21 1 21
Hft Xi Qe HI XI2b zQe3 Crystalline cohomology if k is perfect

IDI Fix a Weil cohomology theory with cycle map cl Then a cycle is
homologically equivalent to zero Z uomo iff 4177 0
Note that apriori this depends on the Weil cohomology theory

Numericatequivalenceded

Let Xesmprojn for 2 cZicx we say 2Nimmo if for every we 2d x such
that Zaw is defined degZ w O

We have the following relations

Lemw
1 Zing x c Zinoulx
2 Zi x CZinomX
3 Zinom x c ZinumX

Proofi
L If Vo V p W a b XX then

Ix VoVi Px I W U d axx d e bxX
2 Note if Zhuruto then I n Zn Ix Z chCZ eH xn Since thecycle
maps were defined on Chew groups dCz o

3 If 6 127 0 then degZaw Tr clxcz.us Tr d Lz Idw O 49

IConjectureconjectanet If k E then Zinom x Zinum x

known to betrue for divisors c D in all characteristics in characteristic zero its also known
in codimension 2 and is true forabelianvarieties We also know

ITheoremi If k E then Nmix Cniumcx z Q is a fd vector space with dimension

Ebzicx dim H X

Another important conjecture is



IConjecturelvoevadst If k I then Z x Zinman

Note while conjecture D would make homological equivalence independent of Weilcohomology theory This
conjecture is already independent and implies conjecture D for all Weil cohomologytheories

In conclusion then

Zira c ZegLx cZidaneZinum C Zi x
over Q1

ZaiglxiaczixocxlaEZin.muaEZinumlx Q
expected equality in k I

On the other hand it's apparently provable that rational equivalence is the finestrelation
AndresBook


